Abstract. Let k be an algebraically closed field of characteristic 2, and let W be the ring of infinite Witt vectors over k. Suppose G is a finite group and B is a block of kG with a dihedral defect group D such that there are precisely two isomorphism classes of simple B-modules. We determine the universal deformation ring R(G, V ) for every finitely generated kG-module V which belongs to B and whose stable endomorphism ring is isomorphic to k. The description by Erdmann of the quiver and relations of the basic algebra of B is usually only determined up to a certain parameter c which is either 0 or 1. We show that R(G, V ) is isomorphic to a subquotient ring of W D for all V as above if and only if c = 0, giving an answer to a question raised by the first author and Chinburg in this case. Moreover, we prove that c = 0 if and only if B is Morita equivalent to a principal block.
Introduction
Let k be an algebraically closed field of characteristic p > 0 and let W = W (k) be the ring of infinite Witt vectors over k. Let G be a finite group, and suppose V is a finitely generated kG-module whose stable endomorphism ring is isomorphic to k. It was shown in [8] that V has a universal deformation ring R(G, V ) which is universal with respect to deformations of V over complete local commutative Noetherian rings with residue field k (see Section 2) . In [8] (resp. [3] ), the isomorphism types of R(G, V ) were determined for V belonging to a cyclic block (resp. to a block with Klein four defect groups). In [4, 5] , the rings R(G, V ) were determined for V belonging to various tame blocks with dihedral defect groups of order at least 8 with one or three isomorphism classes of simple modules. Using the classification of all groups with dihedral Sylow 2-subgroups by Gorenstein and Walter in [23] , it follows that these blocks include in particular all those blocks that are Morita equivalent to a principal block with dihedral defect groups and that have one or three isomorphism classes of simple modules. By [12, Thm. 2] , a block of kG with dihedral defect groups has at most three simple modules up to isomorphism. Hence it remains to study the case of dihedral blocks with precisely two isomorphism classes of simple modules, and this is the case we consider in the present paper. The key tools used to determine the universal deformation rings in all the above cases are results from modular and ordinary representation theory due to Brauer, Erdmann [20] , Linckelmann [27, 28] , Carlson-Thévenaz [15] , and others.
The main motivation for studying universal deformation rings for finite groups is that this case helps understand ring theoretic properties of universal deformation rings for profinite groups Γ. The latter have become an important tool in number theory, in particular if Γ is a profinite Galois group (see e.g. [17] , [32, 31] , [13] and their references). In [19] , de Smit and Lenstra showed that if Γ is an arbitrary profinite group and V is a finite dimensional vector space over k with a continuous Γ-action which has a universal deformation ring R(Γ, V ), then R(Γ, V ) is the inverse limit of the universal deformation rings R(G, V ) when G runs over all finite discrete quotients of Γ through which the Γ-action on V factors. Thus to answer questions about the ring structure of R(Γ, V ), it is natural to first consider the case when Γ = G is finite. When determining R(G, V ), the main advantage is that one can make use of powerful techniques that are not available for arbitrary profinite groups Γ, such as decomposition matrices, Auslander-Reiten theory and the Green correspondence.
When studying cyclic blocks in [8] , the first author and Chinburg raised the following fundamental question about the structure of universal deformation rings for finite groups. Question 1.1. Let B be a block of kG with a defect group D, and suppose V is a finitely generated kG-module whose stable endomorphism ring End kG (V ) is isomorphic to k such that the unique (up to isomorphism) non-projective indecomposable summand of V belongs to B. Is the universal deformation ring R(G, V ) of V isomorphic to a subquotient ring of the group ring W D?
The results in [3, 4, 5, 8, 11] show that Question 1.1 has a positive answer for all the blocks B considered in these papers. In particular, this is true if B has cyclic or Klein four defect groups or if B is Morita equivalent to a principal block with dihedral defect groups and one or three isomorphism classes of simple modules. Another important question which was raised by Flach [16] is whether universal deformation rings are always complete intersections. One of the first examples that this is not true in general was given in [9, 10] . Namely, if k has characteristic 2, S 4 is the symmetric group on 4 letters and E is the unique (up to isomorphism) non-trivial simple kS 4 -module, then R(S 4 , E) ∼ = W [t]/(t 2 , 2t). Subsequently, it was shown in [5, Cor. 5.1.2] that if B is Morita equivalent to a principal block with dihedral defect groups of order at least 8 and with three isomorphism classes of simple modules, then there are infinitely many indecomposable B-modules V whose stable endomorphism ring is isomorphic to k and whose universal deformation ring R(G, V ) is not a complete intersection.
Suppose now that k has characteristic 2 and B is a block of kG with dihedral defect groups of order 2 d ≥ 8 and with precisely two isomorphism classes of simple B-modules. In [20, Chaps. VI, IX and p. 294-295], Erdmann gave a list of all possible quivers and relations which determine the basic algebra of such a block B up to isomorphism. Besides the defect d of B, she needed an additional parameter c ∈ {0, 1} to describe the isomorphism type of the basic algebra of B. Given B, it is usually difficult to determine whether c = 0 or c = 1. So far, only a few explicit cases are known where c has been determined, such as the principal 2-modular block of the symmetric group S 4 (see [20, Cor. V.2.5.1]), the principal 2-modular blocks of certain quotients of the general unitary group GU 2 (F q ) when q ≡ 3 mod 4 (see [21, Sect. 1.5] ), or the principal 2-modular block of the projective general linear group PGL 2 (F q ) when q is any odd prime power (see [6, Cor. 4] ). In all these cases, c turns out to be zero. Moreover, it was proved in [6, Thm. 2] that c is zero for all blocks B for which there exists a central extensionĜ of G by a group of order 2 together with a blockB of kĜ with generalized quaternion defect groups such that B is contained in the image of the natural surjection kĜ → kG. Using the results in [6] together with the classification of all groups with dihedral Sylow 2-subgroups by Gorenstein and Walter in [23] , we will first prove the following result: Theorem 1.2. Suppose k has characteristic 2. Let B be a block of kG with dihedral defect groups of order at least 8 such that there are precisely two isomorphism classes of simple B-modules. Then B is Morita equivalent to a principal block if and only if the parameter c occurring in Erdmann's description in [20] of the quiver and relations of the basic algebra of B is c = 0.
At this point, it is still open whether the parameter c can take the value c = 1 for non-principal blocks B.
Let Ω be the syzygy functor, which defines a self-equivalence on the stable module category of kG. Recall that if V 0 is a finitely generated indecomposable non-projective kG-module, then Ω(V 0 ) is defined to be the kernel of a projective cover P V0 → V 0 . We say V 0 has Ω-period ℓ if ℓ is the smallest positive integer with Ω ℓ (V 0 ) ∼ = V 0 . We will determine the universal deformation rings of all finitely generated kG-modules which belong to an arbitrary block B of kG with dihedral defect groups and precisely two isomorphism classes of simple modules. A summary of our main results is as follows. The precise statements can be found in Propositions 5.2, 6.2, 6.3, 6.4 and 6.5. Theorem 1.3. Suppose k has characteristic 2. Let B be a block of kG with a dihedral defect group D of order 2 d where d ≥ 3, such that there are precisely two isomorphism classes of simple B-modules. Let c be the parameter occurring in Erdmann's description in [20] of the quiver and relations of the basic algebra of B. Let V be a finitely generated B-module whose stable endomorphism ring is isomorphic to k and whose universal deformation ring is R(G, V ). Let V 0 be the unique (up to isomorphism) non-projective indecomposable direct summand of V . Let C be the component of the stable Auslander-Reiten quiver of B to which V 0 belongs. Then one of the following 4 mutually exclusive cases occurs:
(i) The module V 0 is not Ω-periodic, the stable endomorphism ring of every module in C is isomorphic to k and
The module V 0 is not Ω-periodic, the only modules in C whose stable endomorphism rings are isomorphic to k are the modules in the Ω-orbit of V 0 and R(G,
of degree 2 d−2 −1 whose non-leading coefficients are all divisible by 2.
(iii) The module V 0 has Ω-period 3, the only modules in C whose stable endomorphism rings are isomorphic to k are the modules at the boundary of C and R(G, V ) ∼ = k. (iv) The module V 0 has Ω-period 2, the only module in C whose stable endomorphism ring is isomorphic to k is the module at the boundary of C and
is not a complete intersection. Cases (i) − (iii) occur for both c = 0 and c = 0, whereas case (iv) occurs if and only if c = 1. If case (iv) occurs, then there are infinitely many indecomposable B-modules with Ω-period 2 whose stable endomorphism rings are isomorphic to k.
Using Theorem 1.2, we obtain the following consequence of Theorem 1.3. Corollary 1.4 together with the results in [3, 4, 5] lead to the following answer to Question 1.1 for principal blocks with dihedral defect groups. Note that all blocks with Klein four defect groups are Morita equivalent to principal blocks (see e.g. [2, §6.6]). Theorem 1.5. Suppose k has characteristic 2, and suppose B is a block of kG with dihedral defect groups of order at least 4 which is Morita equivalent to a principal block. Then Question 1.1 has a positive answer for B.
The paper is organized as follows. In Section 2, we review the basic definitions and results concerning universal deformation rings of modules for finite groups. We then let B be a 2-modular block with dihedral defect groups such that there are precisely two isomorphism classes of simple B-modules. In Section 3, we provide the quiver and relations for the basic algebra of B as given in [20] , and we describe the ordinary characters belonging to B as given in [12] . In Section 4, we prove Theorem 1.2. In Section 5, we determine all finitely generated B-modules whose stable endomorphism rings are isomorphic to k. In Section 6, we prove Theorem 1.3. In Section 7, we provide some background on the representation theory of the basic algebra of B.
Preliminaries
Let k be an algebraically closed field of characteristic p > 0, let W be the ring of infinite Witt vectors over k and let F be the fraction field of W . Let C be the category of all complete local commutative Noetherian rings with residue field k. The morphisms in C are continuous W -algebra homomorphisms which induce the identity map on k.
Suppose G is a finite group and V is a finitely generated kG-module. A lift of V over an object R in C is a finitely generated RG-module M which is free over R together with a kG-module isomorphism φ : k ⊗ R M → V . We denote such a lift by (M, φ). Two lifts (M, φ) and (M ′ , φ ′ ) of V over R are said to be isomorphic if there is an RG-module isomorphism f :
of V over R is called a deformation of V over R, and the set of such deformations is denoted by Def G (V, R). The deformation functor F V : C → Sets is defined to be the covariant functor which sends an object R in C to Def G (V, R) and a morphism α :
is called the universal deformation ring of V and the deformation [U (G, V ), φ U ] is called the universal deformation of V . In other words, R(G, V ) represents the functor F V in the sense that F V is naturally isomorphic to Hom C (R(G, V ), −). For more information on deformation rings see [19] and [29] .
Remark 2.1. The above definition of deformations differs from the definition used in [3, 8] . Namely, given a lift (M, φ) of V over an object R in C, in [3, 8] the isomorphism class of M as an RGmodule was called a deformation of V over R, without taking into account the specific isomorphism φ : k ⊗ R M → V . In general, a deformation of V over R according to the latter definition identifies more lifts than a deformation of V over R that respects the isomorphism φ of a representative (M, φ). However, if the stable endomorphism ring End kG (V ) is isomorphic to k, these two definitions of deformations coincide (see e.g. [7, Remark 2.1]).
The following result was proved in [8] . As above, Ω denotes the syzygy functor. Proposition 2.2. [8, Prop. 2.1 and Cors. 2.5 and 2.8] Suppose V is a finitely generated kG-module whose stable endomorphism ring End kG (V ) is isomorphic to k. Then V has a universal deformation ring R(G, V ). Moreover:
(i) If V 0 is the unique (up to isomophism) non-projective indecomposable summand of V , then
Dihedral blocks with two simple modules
In [12] , Brauer proved that a 2-modular block with dihedral defect groups contains at most three simple modules up to isomorphism. For the remainder of the paper, we make the following assumptions. Hypothesis 1. Let k be an algebraically closed field of characteristic 2, let W be the ring of infinite Witt vectors over k and let F be the fraction field of W . Let d ≥ 3 be a fixed integer. Suppose G is a finite group and B is a block of kG having a dihedral defect group D of order 2 d such that there are precisely two isomorphism classes of simple B-modules.
3.1. Basic algebras of dihedral blocks with two simple modules. Under the assumptions of Hypothesis 1, it follows from [20, Chaps. VI, IX and p. 294-295] that there exist i ∈ {1, 2} and c ∈ {0, 1} such that the basic algebra of B is isomorphic to the symmetric k-algebra Λ i,c , as defined in Figure 1 . The corresponding decomposition matrices are given in Figure 2 .
Let i ∈ {1, 2} and c ∈ {0, 1} such that B is Morita equivalent to Λ i,c . Let S 0 (resp. S 1 ) be a simple Λ i,c -module corresponding to the vertex 0 (resp. 1) of Q i . Let T 0 (resp. T 1 ) be a simple B-module corresponding to S 0 (resp. S 1 ) under the Morita equivalence between B and Λ i,c . The radical series of the projective indecomposable Λ i,c -modules (and hence of the projective indecomposable 
and
and The decomposition matrix for a block B of kG that is Morita equivalent to Λ 1,c (resp. Λ 2,c ).
B-modules) can be described by the pictures in Figure 3 , where we use 0 (resp. 1) as shorthand for S 0 (resp. S 1 ). The radical series length of the projective indecomposable Λ 1,c -modules P 0 and P 1 is 3 · 2 d−2 + 1. The radical series length of the projective indecomposable Λ 2,c -module P 0 (resp. P 1 ) is 4 (resp. 4 if d = 3 and 2
3.2. Ordinary characters for dihedral blocks with two simple modules. We now describe the ordinary characters belonging to B as given in [12] . Since B contains exactly two isomorphism classes of simple kG-modules, this means that in the notation of [12, Sect. 4] we are in Case (ab) (see [12, Thm. 2] ). For 2 ≤ ℓ ≤ d − 1, let ζ 2 ℓ be a fixed primitive 2 ℓ -th root of unity in an algebraic closure of F . Let
be the ordinary irreducible characters of G belonging to B, corresponding to the rows of the decomposition matrices in Figure 2 . Let δ be an element of order 2 d−1 in D. By [12] , there is a block b δ of kC G (δ) with b G δ = B which contains a unique 2-modular character ϕ (δ) such that the following is true. There is an ordering of (1, 2, . . . , 2 d−2 − 1) such that for 1 ≤ i ≤ 2 d−2 − 1 and r odd, 
Note that W contains all roots of unity of order not divisible by 2. Hence by [12] and by [22] , the characters χ 1 , χ 2 , χ 3 , χ 4 correspond to simple F G-modules. On the other hand, the characters χ 5,j , j = 1, . . . ,
The field generated by the character values of each ξ ℓ ∈ O ℓ over F is F (ζ 2 ℓ + ζ −1 2 ℓ ). Hence by [22] , each ξ ℓ corresponds to an absolutely irreducible
By [25, Hilfssatz V.14.7], End F G (V ℓ ) is a commutative F -algebra isomorphic to the field generated over F by the character values of any ξ ℓ ∈ O ℓ . This means
By [12] , the characters χ 5,j have the same degree x for 1 ≤ j ≤ 2 d−2 − 1. The characters χ 1 , χ 2 , χ 3 , χ 4 have height 0 and χ 5,j , 1 ≤ j ≤ 2 d−2 − 1, have height 1. Let C be the conjugacy class in G of δ, and let t(C) ∈ W G be the class sum of C. Using the same arguments as in [5, Sect. 3.4] , we obtain the following action of t(C) on V ℓ for 2 ≤ ℓ ≤ d − 1. There exists a unit w in W such that for 2 ≤ ℓ ≤ d − 1, the action of t(C) on V ℓ is given as multiplication by
. Then R ′ is a complete local commutative Noetherian ring with residue field k.
Principal dihedral blocks with two simple modules
In this section, we prove Theorem 1. (i) There exists i ∈ {1, 2} such that B is Morita equivalent to Λ i,0 , i.e. the parameter c is zero.
(ii) There exists an involution τ in G such that if X is a uniserial B-module with composition factors k, k, then Res
Proof. Let O 2 ′ (G) be the maximal normal subgroup of G of odd order, and let
Since k has characteristic 2, the blocks of kG correspond to the blocks of kG whose primitive central idempotents occur in the decomposition of the central idempotent
In particular, the principal block B of kG is isomorphic to the principal block B of kG. If V, V ′ are kGmodules belonging to B then O 2 ′ (G) acts trivially on V, V ′ and V, V ′ are inflations of kG-modules belonging to B. Since O 2 ′ (G) has odd order, it also follows that each element t ∈ G of order 2 has a preimage t ∈ G of order 2. Thus it suffices to prove Theorem 4.1 for G = G and B = B.
By the classification of the finite groups with dihedral Sylow 2-subgroups in [23] , it follows that
, for some odd prime power q, that contains PSL 2 (F q ), or (b) the alternating group A 7 , or (c) a Sylow 2-subgroup of G. By assumption, B has precisely two isomorphism classes of simple modules. Since in case (b) (resp. case (c)), the principal 2-modular block has precisely 3 (resp. 1) isomorphism classes of simple modules, we are in case (a).
Let q = p f be an odd prime power. Then PΓL 2 (F q ) is the group of semilinear fractional maps
over F q , where a, b, c, d ∈ F q with ad − bc = 0 and ν ranges over all automorphisms in Gal(
is the automorphism group of PGL 2 (F q ). We have a short exact sequence of finite groups
Sequence (4.6) splits on the right, since the group
is a subgroup of PΓL 2 (F q ) which has trivial intersection with PGL 2 (F q ). Since PSL 2 (F q ) is a characteristic subgroup of PGL 2 (F q ), we obtain a short exact sequence
where Q lies in a short exact sequence
and has dihedral Sylow 2-subgroups. Then H lies in a short exact sequence
where C is a subgroup of Q. Let B 0 (H) be the principal block of kH. We first analyze the structure of H and B 0 (H) in several steps.
Claim 1. The order of C is odd or exactly divisible by 2.
Proof of Claim 1. If P is a Sylow 2-subgroup of PSL 2 (F q ), then there exists a Sylow 2-subgroupP of H that contains P . Let 2 s be the maximal 2-power dividing #C, so that [P : P ] = 2 s . Since P is a normal subgroup ofP of order at least 4, it follows from [12, Prop. (1B)] that [P : P ] = 1 or 2, which proves Claim 1.
Claim 2. If the order of C is even, then H contains PGL 2 (F q ) with odd index.
Proof of Claim 2. If f is odd, Claim 2 follows since then Q ∼ = Z/(2f ) has a unique element of order 2. Assume now that f is even, so f = 2f ′ for some f ′ ≥ 1 and q ≡ 1 mod 4. Let ω ∈ F * q be an element of maximal 2-power order. Then Q ∼ = Z/2 × Z/f has exactly 3 elements of order 2 given by the images in Q of the following elements in PΓL 2 (F q ):
Let µ ∈ {λ, ψ, λ • ψ}. Analyzing the Sylow 2-subgroups of PSL 2 (F q ), µ , we see that they are dihedral if and only if µ = λ. Since PSL 2 (F q ), λ = PGL 2 (F q ), this implies Claim 2.
Claim 3. The order of C is even (resp. odd) if and only if B 0 (H) has precisely 2 (resp. 3) isomorphism classes of simple modules.
Proof of Claim 3. We use Clifford Theory to prove Claim 3. If C is even (resp. odd Conversely, suppose that #C is even, so that N = PGL 2 (F q ). Let E be a non-trivial simple
e , where T is the unique (up to isomorphism) non-trivial simple B 0 (N )-module and e ∈ Z + . Let N 1 = PSL 2 (F q ), and let τ ∈ N − N 1 . Then Res 
Since B 0 (Z) has at most three isomorphism classes of simple modules, this implies that B 0 (Z) has precisely three isomorphism classes of simple modules represented by k, W and τ W . By [25, Hauptsatz V.17.3] , it follows that every non-trivial simple B 0 (H)-module is isomorphic to Ind
has precisely two isomorphism classes of simple modules, which implies Claim 3.
We next consider the case when
Since by assumption there are precisely 2 isomorphism classes of simple B-modules, it follows by Claims 2 and 3 that PGL 2 (F q ) is a normal subgroup of G such that the quotient group G/PGL 2 (F q ) is a subgroup of odd order of the cyclic group Gal(F q /F p ) = ϕ of order f . Using the splitting of the short exact sequence (4.6), it follows that there exists a divisor ℓ of f such that
where σ ϕ ℓ is as defined in (4.7). Since #(G/PGL 2 (F q )) = # ϕ ℓ = f /ℓ is odd, it follows that the maximal power of 2 that divides f also divides ℓ. Proof of Claim 4. We use the presentation of G in (4.12). To constructĜ, we make use of the fact that SL 2 (F q 2 ) has generalized quaternion Sylow 2-subgroups (see for example [25, Satz II.8.10] ). Let ω ∈ F * q be of maximal 2-power order, and let ω 0 ∈ F q 2 be such that
View SL 2 (F q ) as a subgroup of SL 2 (F q 2 ) and definê
Letφ be the automorphism of SL 2 (F q 2 ) which raises all entries of a matrix in SL 2 (F q 2 ) to their p th powers. Thenφ has order 2f andφ f +ℓ has order f /ℓ, which is the order of σ ϕ ℓ . Sincê
f +ℓ defines an automorphism ofĜ 1 of order f /ℓ. DefineĜ to be the corresponding semidirect productĜ
The center Z(Ĝ) obviously contains {±I} <Ĝ 1 , where I is the 2×2 identity matrix. SinceĜ 1 /{±I} can be identified with the subgroup of PSL 2 (F q 2 ) which is generated by PSL 2 (F q ) together with the element z : x → ω0 x ω
Thus it follows thatĜ/{±I} is isomorphic to the group PGL 2 (F q ), σ ϕ ℓ = G. Because O 2 ′ (G) = 1,Ĝ has no non-trivial normal subgroups of odd order. Since the center of PGL 2 (F q ) is trivial, it follows that the center of G is also trivial, which implies Z(Ĝ) = {±I}. Comparing orders, we see that the Sylow 2-subgroups ofĜ are isomorphic to Sylow 2-subgroups of SL 2 (F q 2 ), which proves Claim 4.
We now prove parts (i) and (ii) of Theorem 4.1. As discussed in the first paragraph of the proof, it suffices to prove Theorem 4.1 for G = G and B = B. Part (i)
Stable endomorphism rings
In this section, we consider the basic k-algebras Λ 1,c and Λ 2,c from Section 3.1 (see Figure 1 ) and determine all indecomposable modules for these algebras whose stable endomorphism rings are isomorphic to k. As in Hypothesis 1, we assume d ≥ 3. In particular, this will determine all indecomposable B-modules whose stable endomorphism rings are isomorphic to k for B as in Hypothesis 1.
Let i ∈ {1, 2}, let c ∈ {0, 1} and let d ≥ 3. It follows from the definition of string algebras in [14, Sect. 3] that Λ i,c /soc(Λ i,c ) is a string algebra. Therefore, one can see as in [20, Sect. I. 8.11 ] that the isomorphism classes of all non-projective indecomposable Λ i,c -modules are given by string and band modules as defined in [14, Sect. 3] . We will give a brief introduction into the representation theory of Λ i,c in Section 7. In what follows, we freely use the notation from Section 7 without always referring to specific results.
Before we can describe all indecomposable Λ i,c -modules whose stable endomorphism rings are isomorphic to k, we need to define some particular Λ i,c -modules. As before, Ω denotes the syzygy functor.
Definition 5.1. Let i ∈ {1, 2}, let c ∈ {0, 1} and let d ≥ 3.
(i) Define the following uniserial Λ i,c -modules which are uniquely determined by their descending composition factors:
In other words, these are the string modules , it is not hard to see that we can generalize them to d > 3. The only difference is that for d > 3, strings and bands can contain subwords of the form η, η 2 , η 3 , . . . , η 2 d−2 −1 , whereas for d = 3 only η can occur as such a subword. It follows that the only components of the stable Auslander-Reiten quiver of Λ 2,0 that possibly contain an indecomposable module whose stable endomorphism ring is isomorphic to k are either the unique 3-tube, or the components containing a simple module S or its syzygy Ω(S). Similarly to the proof of [11, Lemma 6.1], it follows that the only modules in the 3-tube whose stable endomorphism rings are isomorphic to k lie at its boundary. Since these modules correspond to string modules of maximal directed strings, we see that these modules are isomorphic to S 001 , S 100 or the uniserial module of length 2 d−2 whose composition factors are all isomorphic to S 1 . Using the projective module P 0 , we see that Ext 1 Λ2,0 (S 001 , S 001 ) ∼ = Hom Λ2,0 (S 100 , S 001 ) = 0. This proves part (iii). If C contains S 1 or Ω(S 1 ), it follows similarly to the proof of [11, Lemma 5.1] that the only modules in C whose stable endomorphism rings are isomorphic to k are the modules in the Ω-orbit of S 1 . Using the projective module P 1 , we see that Ext 1 Λ2,0 (S 1 , S 1 ) ∼ = Hom Λ2,0 (Ω(S 1 ), S 1 ) ∼ = k. This prove part (ii). Finally consider the components C containing S 0 and Ω(S 0 ). By [6, Cor. 4], Λ 2,0 is Morita equivalent to the principal block B 0 of kH when H is the projective general linear group PGL 2 (F q ), where q ≡ 3 mod 4 and 2 d is the maximal 2-power dividing (q 2 − 1). Hence to prove that the stable endomorphism ring of each Λ 2,0 -module M in C ∪ Ω(C) is isomorphic to k, it suffices to prove that the indecomposable B 0 -module V corresponding to each such M under the Morita equivalence is an endo-trivial kH-module. This follows using similar arguments as in the proof of [11, Lemma 4.1]. Since End k (V ), viewed as a kH-module, is stably isomorphic to the trivial simple kH-module k, it follows that Ext
This proves part (i) and completes the proof of Proposition 5.2 when c = 0 and i = 2.
Next suppose that i = 2 and c = 1. We can organize the string and band modules for Λ 2,1 in the same manner as for Λ 2,0 above. The only difference to the above case is that we need to be careful when using the projective module P 0 in our arguments. Going through the arguments in [11, Sect. 7] in this way, we see that the only components of the stable Auslander-Reiten quiver of Λ 2,1 that possibly contain an indecomposable module whose stable endomorphism ring is isomorphic to k are either the unique 3-tube, or the components containing a simple module S or its syzygy Ω(S), or the one-tubes T (λ) , λ ∈ k, described in part (iv) of Proposition 5.2. For the 3-tube and the stable Auslander-Reiten components containing S 1 and Ω(S 1 ) we can adjust the arguments used in the case when i = 2 and c = 0 to prove parts (ii) and (iii). Suppose now that λ ∈ k. If λ = 0, then it follows from [26] (see also Remark 7.5) that the stable endomorphism ring of each module in T (λ) that does not lie at the boundary (i.e. that is not isomorphic to S Since we cannot use the same arguments as in the case when i = 2 and c = 0, we need to use the description of the homomorphisms between string modules as described in [26] (see Remark 7.4) to prove the statements in part (i). Using hooks and cohooks (see Definition 7.3), we see that all the modules in C 0 ∪ Ω(C 0 ) lie in the Ω-orbits of the following string modules:
We have End Λ2,1 (S 0 ) ∼ = k and Ext
r=0 be a canonical k-basis for M n relative to the representative (αβ −1 γ −1 ) n (see Definition 7.1). Let h a = x 3a−2 for 1 ≤ a ≤ n and let f b = x 3b for 0 ≤ b ≤ n. Then h 1 , . . . , h n (resp. f 0 , . . . , f n ) generate M n /rad(M n ) (resp. soc(M n )). By Remark 7.4, each endomorphism of M n is a k-linear combination of the identity morphism and the endomorphisms µ a,b (1 ≤ a ≤ n, 0 ≤ b ≤ n) where µ a,b sends h a to f b and all other x r to zero. Considering the projective module P 0 , it follows that µ a,b + µ a,b+1 + µ a+1,b+1 factors through P 0 for 1 ≤ a ≤ n − 1, 0 ≤ b ≤ n − 1. Moreover, µ 1,b factors through P 0 for 1 ≤ b ≤ n and µ n,b + µ n,b+1 factors through P 0 for 0 ≤ b ≤ n − 1. Combining these endomorphisms in a suitable way and using an inductive argument, we see that µ a,b factors through a direct sum of copies of P 0 for all 1 ≤ a ≤ n, 0 ≤ b ≤ n, which implies that
. Note that Ω(M n ) can be identified with the Λ 2,1 -submodule of M n having {x r } 3n r=2 as a k-basis. Let h [30, Cor. 5.5] , this means that there is a stable equivalence of Morita type between Λ 1,c and Λ 2,c . In particular, this stable equivalence commutes with Ω and identifies the stable Auslander-Reiten quivers of Λ 1,c and Λ 2,c . Thus to complete the proof when i = 1, we need to find the components of the stable Auslander-Reiten quiver of Λ 1,c that correspond under this stable equivalence to the components of the stable Auslander-Reiten quiver of Λ 2,c containing modules whose stable endomorphism rings are isomorphic to k. Since the projective Λ 1,c -module cover P 1 of S 1 is uniserial, it follows that S 1 lies at the boundary of the unique 3-tube of the stable AuslanderReiten quiver of Λ 1,c , which proves part (iii). Let C be a component of the stable Auslander-Reiten quiver of Λ 1,c containing Y = S 001 . Since C is of type ZA ∞ ∞ and contains modules whose stable endomorphism rings have k-dimension at least two, C must correspond to one of the components of the stable Auslander-Reiten quiver of Λ 2,c containing S 1 and Ω(S 1 ). This proves part (ii). If C is the component of the stable Auslander-Reiten quiver of Λ 1,c containing S 0 (resp. Ω(S 0 )), then C is of type ZA ∞ ∞ . Since we have matched up the components of this type for part (ii), C must correspond to one of the components of the stable Auslander-Reiten quiver of Λ 2,c containing S 0 and Ω(S 0 ). This proves part (i). If c = 1, we also need to find the one-tubes that contain Λ 1,1 -modules whose stable endomorphism rings are isomorphic to k. Considering all indecomposable Λ 1,1 -modules lying in one-tubes, we see that the only such modules whose stable endomorphism rings are possibly isomorphic to k are the modules S for all λ ∈ k, it follows that the stable endomorphism ring of S (λ) 010 is isomorphic to k for all λ ∈ k. This proves part (iv) and completes the proof of Proposition 5.2 when i = 1 and c ∈ {0, 1}.
Universal deformation rings
Assume that k, W , F , d, G, B and D are as in Hypothesis 1. Let i ∈ {1, 2} and c ∈ {0, 1} such that B is Morita equivalent to Λ i,c . As before, T 0 (resp. T 1 ) is the simple B-module that under this Morita equivalence corresponds to the simple Λ i,c -module S 0 (resp. S 1 ).
In this section, we determine the universal deformation rings of all finitely generated indecomposable kG-modules V which belong to B and whose stable endomorphism rings are isomorphic to k. In particular, this will prove Theorem 1.3. We use Proposition 5.2 which, using the Morita equivalence between Λ i,c and B, gives a precise description of these modules.
6.1. The stable Auslander-Reiten components of B containing T 0 and Ω(T 0 ). Let C 0 be the stable Auslander-Reiten component of B containing T 0 . By Proposition 5.2(i), the stable endomorphism ring of every module in C 0 ∪ Ω(C 0 ) is isomorphic to k. The component C 0 looks as in Figure 4 , where A 0 = T 0 and for n ≥ 1, the B-module A n (resp. A −n ) corresponds under the Morita equivalence between Λ i,c and B to the Λ i,c -string module M (C i,n ) (resp. M (C i,−n )) with
Lemma 6.1. For all n ∈ Z, the B-module A n from Figure 4 has 2 non-isomorphic lifts over W .
Proof. If B is Morita equivalent to Λ 2,c , the ideas to prove Lemma 6.1 are similar to the ones used to prove the corresponding fact in [11, Lemma 4.2] . Since the proof of [11, Lemma 4.2] uses some explicit lifts of kS 4 -modules over W , which we do not know how to establish for more general blocks B, we provide a slightly different strategy, which will also work if B is Morita equivalent to Λ 1,c .
Suppose first that B is Morita equivalent to Λ 2,c . We will prove that for all n ≥ 0, the module A n from Figure 4 has 2 non-isomorphic lifts over W , the case of the modules A −n being similar. Let P W T0 be a lift over W of the projective B-module cover P T0 of T 0 . It follows from the decomposition matrix in Figure 2 that 
which is free over W and has F -character χ 1 + χ 3 , and
) is a W Gmodule which is free over W and has F -character χ 2 + χ 4 . Moreover, both k ⊗ W X and k ⊗ W X ′ are indecomposable kG-modules that are quotient modules of P T0 and have composition factors T 0 , T 0 , T 1 . Since it follows from the decomposition matrix in Figure 2 and [18, Prop. (23.7) ] that the uniserial kG-module T 1···1 of length 2 d−2 whose composition factors are all isomorphic to T 1 does not have a lift over W , neither k ⊗ W X nor k ⊗ W X ′ can be isomorphic to Ω(T 1···1 ). This means that k ⊗ W X (resp. k ⊗ W X ′ ) corresponds either to the uniserial Λ 2,c -string module M (β −1 γ −1 ), or to the Λ 2,c -string module M (αβ −1 ), or to the Λ 2,c -band module M (αβ −1 γ −1 , λ, 1) for some λ ∈ k * . In any case, we have non-split short exact sequences of kG-modules
It follows from the decomposition matrix in Figure 2 that A 0 = T 0 has two non-isomorphic lifts (U W 0,1 , φ 0,1 ) and (U W 0,2 , φ 0,2 ) over W whose F -characters are given by χ 1 and χ 2 , respectively. Let n ≥ 1. Using that A 0 corresponds to the Λ 2,c -module S 0 and, for n > 1, A n−1 corresponds to the Λ 2,c -module M (C 2,n−1 ), where C 2,n−1 is the string in (6.15), we can use Remark 7.4 to prove
and Ext
Assume by induction that A n−1 has two lifts (U
,
.
and if n − 1 = 2s + 1,
Hence by [5, Lemma 2.3.2], A n has two non-isomorphic lifts (U W n,1 , φ n,1 ) and (U W n,2 , φ n,2 ) over W whose F -characters are as in (6.18) and (6.19) when n − 1 is replaced by n. Now suppose that B is Morita equivalent to Λ 1,c . Again, we concentrate on the modules A n for n ≥ 0, the case of the modules A −n being similar. We want to use a similar inductive argument as above. The tricky part is to find modules that correspond to the above X and X ′ and which provide short exact sequences of the form (6.16) and (6.17) . For this, we use a variation of [5, Lemma 2.3.2] . Consider the string
Analyzing the Λ 1,c -modules that are non-trivial extensions of M (Z) by S 0 , we see that they are isomorphic to either
Moreover, if M is any of these modules, then for all n ≥ 1, there is a short exact sequence of
where we set M (C 1,0 ) = S 0 . Let Y be the B-module corresponding to the Λ 1,c -module M (Z). Using the projective B-module cover P T1 of T 1 , it follows from the decomposition matrix for B in Figure 2 
which is induced by reduction modulo 2, has non-trivial image. Therefore, there exist W G-modules X and X ′ that are free over W such that k⊗ W X and k⊗ W X ′ lie in short exact sequences of the form (6.16) and (6.17), respectively, and such that the F -character of X is equal to χ 1 +χ 3 +
and the F -character of X ′ is equal to
χ 5,j . We can now proceed using a similar inductive argument as in the case when B is Morita equivalent to Λ 2,c to complete the proof of Lemma 6.1.
Proof. By Proposition 2.2(ii), it suffices to prove Proposition 6.2 when V = A n for some n ∈ Z, where A n is as in Figure 4 .
Suppose that B is Morita equivalent to Λ 2,c . Let n ≥ 0 and V n ∈ {A n , A −n }. We first prove that for all n ≥ 0,
Let T 00 be the uniserial kG-module with composition factors T 0 , T 0 and let P T0 be the projective B-module cover of T 0 . Then we have a non-split short exact sequence of kG-modules
. Thus there is a unique k-algebra homomorphism σ :
, σ is surjective. We want to show that σ is a kalgebra isomorphism. Suppose this is false. Then there exists a surjective k-algebra homomorphism
kG (T 00 , V n ) = 0, the sequence (6.21) splits as a sequence of kGmodules, i.e. E n ∼ = V n ⊕U n as kG-modules. Identifying the kG-module structure of E n with V n ⊕U n , multiplication by t on an element (v, u) ∈ V n ⊕ U n = E n is given by t · (v, u) = (g(u), t · u), where g : U n → V n is a surjective kG-module homomorphism. Hence t 2 ·(v, u) = (g(t·u), t 2 ·u) = (g(t·u), 0). Since t 2 E n ∼ = V n , this means that g t·Un : t · U n → V n must be an isomorphism of kG-modules. On the other hand, U n = (P T0 ) n ⊕ T 00 and soc(t · U n ) contains a non-zero submodule of soc((P T0 ) n ) (resp. soc(T 00 )) if n ≥ 1 (resp. n = 0). Since every surjective kG-module homomorphism U n → V n sends the elements in soc((P T0 ) n ) (resp. soc(T 00 )) to zero if n ≥ 1 (resp. n = 0), we get a contradiction. Therefore, E n does not exist, which means that σ is a k-algebra isomorphism. Thus 
2 ) for all n ≥ 0 when B is Morita equivalent to Λ 1,c and V n ∈ {A n , A −n } for B.
Suppose now that B is Morita equivalent to either Λ 1,c or Λ 2,c , and let n ≥ 0. By Lemma 6.1, V n has two non-isomorphic lifts over W . By [10, Lemma 2.1], this means that
To prove the last statement of Proposition 6.2, let us now assume that B is a principal block of kG. By Theorem 4.1(i), there exists i ∈ {1, 2} such that B is Morita equivalent to Λ i,0 , i.e. the parameter c is zero. As above, let T 00 be a uniserial kG-module with composition factors T 0 , T 0 . By Theorem 4.1(ii), there exists an element τ ∈ G of order 2 such that Res 6.2. The 3-tube of the stable Auslander-Reiten quiver of B. Let T 3 be the stable AuslanderReiten component of B that is a 3-tube. By Proposition 5.2(iii), the only modules in T 3 whose stable endomorphism rings are isomorphic to k are the modules at its boundary. Proposition 6.3. Let V be a B-module at the boundary of T 3 . Then R(G, V ) ∼ = k.
Proof. We want to use similar arguments to the ones used in [5, Sect. 5.2] . The crucial step is to establish that certain statements are true for T 3 that closely resemble the statements in [ 
is as in Definition 3.1. In particular, R(G, V ) is isomorphic to a subquotient algebra of W D.
Proof. By Proposition 2.2(ii) and Proposition 5.2(ii), it suffices to prove Proposition 6.4 when V = Z as in (6.22) . Suppose first that B is Morita equivalent to Λ 2,c . Then Figure 3 , the projective indecomposable kG-module P T1 has the form
where U 1 is uniserial of length 2 and U 2 is uniserial of length 2 d−2 − 1 whose composition factors are all isomorphic to T 1 . Let U be the uniserial Bmodule corresponding to the Λ 2,c -string module M (η with top T 1 such that 
) is free over W/2 m W . Therefore it follows that if a = 0 (resp. a = 1), then there is a lift of U , when regarded as a kG-module, over W (resp. over W/2 m W ). But U ∼ = Ω −1 (T 001 ), which means that U is a module at the end of the 3-tube, and hence R(G, U ) ∼ = k by Proposition 6.3. Therefore, a = 1 and m = 1. Since by [5 
′ is an indecomposable kG-module with top T 1 that has the same composition factors as U ′ , it is isomorphic to U ′ . Using similar arguments to the case when B is Morita equivalent to Λ 2,c , we see that
This proves Proposition 6.4 when i = 1.
6.4. The one-tubes of the stable Auslander-Reiten quiver of B in the case when c = 1. In this subsection, we assume c = 1, i.e. B is Morita equivalent to Λ i,1 for some i ∈ {1, 2}. For λ ∈ k, let T B,λ be the one-tube of the stable Auslander-Reiten quiver of B that corresponds, under the Morita equivalence, to the one-tube T (λ) of the stable Auslander-Reiten quiver of Λ i,1 from part (iv) of Proposition 5.2. By Proposition 5.2(iv), the only modules in T B,λ whose stable endomorphism rings are isomorphic to k are the modules at its boundary. Proposition 6.5. Let λ ∈ k and let V be a B-module at the boundary of
Proof. Suppose first that B is Morita equivalent to Λ 2,1 . For λ ∈ k, let V λ be the B-module which under the Morita equivalence corresponds to the Λ 2,1 -module S (λ) 010 from Definition 5.1. We first prove that
, and let V λ,n be the B-module corresponding to the Λ 2,1 -module S 
, where ι n−ℓ,n = ι n−1,n • · · · • ι n−ℓ,n−ℓ+1 , and (τ λ,n ) n (V λ,n ) = 0. It follows that τ λ,n defines a k[t]/(t n )-module structure on V λ,n such that the submodules t ℓ · V λ,n , 0 ≤ ℓ ≤ n, form a filtration of V λ,n of k[t]/(t n )-modules whose successive quotients are isomorphic to V λ . We conclude that V λ,n is a free k[t]/(t n )-module. Since V λ,n /t · V λ,n ∼ = V λ as B-modules, it follows that V λ,n defines a lift of V λ over k[t]/(t n ). Hence there exists a unique k-algebra homomorphism σ λ,n : R λ → k[t]/(t n ) corresponding to this lift. Since V λ,n is an indecomposable kG-module, it follows that σ λ,n is surjective for all n ≥ 1. But this implies that R λ ∼ = k Suppose now that B is Morita equivalent to Λ 1,1 . For λ ∈ k, let V λ be the B-module which under the Morita equivalence corresponds to the Λ 1,1 -module S 7.1. String and band modules. For each arrow ζ in Q i , we define a formal inverse ζ −1 with starting point s(ζ −1 ) = e(ζ) and end point e(ζ −1 ) = s(ζ). A word relative to the quiver Q i is a sequence w = w 1 · · · w n , where each w j is either an arrow or a formal inverse in Q i such that s(w j ) = e(w j+1 ) for 1 ≤ j ≤ n − 1. Define s(w) = s(w n ), e(w) = e(w 1 ) and w Let C = w 1 · · · w n be such a string of length n ≥ 1. Then there exists an indecomposable Λ i,c -module M (C), called the string module M (C) corresponding to the string C, which can be described as follows. There is a k-basis {z 0 , z 1 , . . . , z n } of M (C) such that the action of Λ i,c on M (C) is given by the following representation ϕ C : Λ i,c → Mat(n + 1, k). Let v(j) = e(w j+1 ) for 0 ≤ j ≤ n − 1 and v(n) = s(w n ). Then for each vertex u ∈ {0, 1}, for each arrow ζ in Q i and for each 0 ≤ j ≤ n, 
7.3.
Homomorphisms between string and band modules. In [26] , all homomorphisms between string and band modules were determined. The following remark describes the homomorphisms between string modules using the canonical bases defined in Definition 7.1.
Remark 7.4. Let S and T be strings for Λ i,c . Let M (S) (resp. M (T )) be the corresponding string module with a canonical k-basis {x u } m u=0 (resp. {y v } n v=0 ) relative to the representative S (resp. T ). Suppose C is a string for Λ i,c such that b+1 , then σ C (x a+t ) = y b+ℓ−t for 0 ≤ t ≤ ℓ, and σ C (x u ) = 0 for all other u.
Note that there may be several choices of S ′ , S ′′ (resp. T ′ , T ′′ ) in (i) (resp. (ii)). In other words, there may be several k-linearly independent homomorphisms factoring through M (C). By [26] , every Λ i,cmodule homomorphism σ : M (S) → M (T ) is a unique k-linear combination of homomorphisms which factor through string modules corresponding to strings C satisfying (i) and (ii).
Remark 7.5. Suppose B is a band for Λ i,c , λ ∈ k * and m is a positive integer. It follows from [26] that if m ≥ 2, then the stable endomorphism ring End Λi,c (M (B, λ, m)) has k-dimension at least 2. Moreover, if m = 1, then the endomorphism ring of M (B, λ, 1) can be described in a similar way as in Remark 7.4, using the canonical bases defined in Definition 7.2.
